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ABSTRACT

The linear shallow-water approximation is commonly used to describe tsunami propagation,
where the wave is assumed as a long surface gravity wave. The evolution of wave height during
its propagation from offshore to onshore is a classic problem. When arriving at a shoreline, the
increased wave height causes severe destruction on infrastructures and fatalities. This problem
has then been an important issue within the context of disaster risk reduction as it gives rise to
the importance of tsunami run-up prediction. Using maximum run-up data from past events, we
tested the applicability of the Green’s law based on shoaling only to calculate run-ups and found
that the basic Green's law was in doubt. Then, we examined energy density conservation
involving refraction effect but no dissipation and derived a simple formula for parameterizing
run-up height. Detailed descriptions on factors affecting run-ups, such as complex bathymetry
and topography are not yet considered in the current study. The aim of this study is therefore to
determine whether the modified Green’s law is applicable for tsunami run-up prediction using
local water depths as external parameters and ray spacing widths in the normal direction of
wave fronts related to refraction. The results are consistent with the measured run-ups, where
approximately 70% of total points of observations confirm the modified Green’s law with a
reasonable accuracy.
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1. Introduction

The linear shallow-water approximation, regardless of wave shape (Choi et al., 2011), is commonly
used to describe tsunami wave propagation in the open oceans. In many literatures, the wave is
assumed as a long surface gravity wave, where time evolution of the wave amplitude during its
propagation from a tsunami source location offshore to places nearby a beach onshore is a classic
problem in physics of oceanic water waves (Synolakis, 1991). It has been widely known that the
group velocity of the long wave, transporting tsunami energy, changes with water depth and slows
down when it approaches a shoreline. In turn, a decrease in the transport velocity must be
compensated by an increase in the wave amplitude and hence the wave height inland, possibly
causing severe damage on local structures and losses of human lives. This problem has therefore
been an important issue in the context of disaster risk reduction as it gives rise to the importance
of tsunami run-up prediction (Mori et al., 2011; Reymond et al., 2012; Goto et al., 2013).
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Tsunami run-up, or more precisely tsunami run-up height, is here defined as the height of the
furthest point of inundation distance inland measured from the mean seawater surface level. The
run-up data records may thus be used as an effective indicator of local impacts of the event on
coastal regions (Charvet et al., 2013), prompting the necessity of quick and accurate prediction of
run-up heights for tsunami early warning (Chen et al., 2012; Lin et al., 2014). In line with this need,
the present work in part focuses on providing physical grounds on the problem in question where
conservation of energy density flux, neglecting energy dissipation due to seabed friction and other
mechanisms (WMO, 1998; Hayashi, 2010; Fuchs, 2013), is then used to derive a simple formula for
tsunami run-up parameterization.

Detailed descriptions on factors influencing run-up heights, such as complex bathymetry and the
bottom slope of local topography go beyond of the current study. The aim of this study is therefore
to test and determine the applicability of the Green’s law for tsunami run-up estimates using water
depths as local parameters and orthogonal spacing widths of two adjacent refracted wave rays in
the normal direction of wave frants. In short, we include effect of wave refraction with no loss of
energy in the basic Green’s law for run-up prediction and then examine how close the results derived
from the modified Green’s law compared to run-ups obtained from simulations (Hirata et al., 2004;
Lin et al., 2014) and field surveys (Goto et al., 2013).

2. Methods

A combined set of basic physics principles are used to govern the dynamic equations, on the basis
of linear shallow-water wave approximation, describing tsunami long-wave propagation in the
ocean. These include momentum and continuity equations, hydrostatic pressure balance and
mechanical work required for transfer of energy between kinetic energy and potential energy that
lead to the conservation of tsunami energy density flux during tsunami wave propagation. We leave
the full details of mathematical derivation at this stage and instead directly write here the tsunami
energy density conservation as follows,

(cge) =0 (1)
where ¢; = \/g_d is the group velocity of a tsunami wave with d is the local water depth, g is
acceleration due to gravity, and € = %pgaz is the energy density with p is the density of seawater
and a is the wave amplitude. In Eq. (1), the x-axis is the direction of tsunami propagation.

Using Eq. (1), we derive the famous Green’s shoaling law relying only upon knowledge of local water
depths obtained from offshore and onshore observations for predicting maximum run-up heights
at places onshore as follows,

1

Rest = (g)4 n, (2)
where R, is the maximum run-up height, D and d are the offshore and onshore water depths,
respectively, and 7 is the vertical displacement of the sea surface at offshore. Eqg. (2) thus simply
relates field data from offshore observatories to those from coastal stations and is used to predict
to first order the run-up heights at some specific locations due to three large tsunamis induced by
undersea earthquakes in the Japanese east coast: the 2011 Tohoku event of magnitude My = 8.9
with the epicenter at 38.3° N and 142.4° E and the 2003 Tokachi tsunami of magnitude My = 8.0
with the epicenter at AnS" N and 144.1° E, and in the Sumatra west coast: the 2004 Indian Ocean
tsunami of magnitude My = 9.1 with the epicenter at 3.4° N and 95.7°E.
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Collecting data of local water depths: D and d from Hayashi (2010)
and water sea surface elevation 5 from http://www.ngde.noaa.gov
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Figure 1. Simple flowchart, showing steps at calculating tsunami run-up
height using the basic Green’s shoaling law and its modified form
considering both shoaling and refraction.

It should be noted that Eq. (2) is derived from the conservation of tsunami energy density by
excluding the effect of wave refraction when the wave approaches a coastline. However, from a
theoretical point of view the reduced speed will not only cause an increase in the wave height on a
beach but also a change in the direction of wave propagation, particularly when wave rays are
incident at an angle with respect to the normal direction of the assumed straight coastline.
Adopting the geometry of wave propagation along different paths of wave rays, widely known as
the Snell's law, and still in the absence of dissipation, we take into account for ray separation of
two adjacent ray paths to reformulate the basic Green’s law given in Eq. (2), resulting in
B\1/2 rp\1/4
w=E)" ) 3)
where Rgg; is the maximum run-up height estimate owing to shoaling and refraction effects, and B
and b are the spacing widths of two adjacent refracted wave rays at offshore and onshore,
respectively. Eq. (3) confirms another cause for the increased wave height on a beach, that is,
refraction. Thus, in this study effects of shoaling and refraction are considered to induce run-ups.
The inclusion of these effects in the run-up parameterization can thus be written as
Rést = Ky Ksm, (4)

st
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B

1/2 DA\ 1/4
where K, = (E) and K = (E) are coefficients of refraction and shoaling, respectively. The

whole steps in tsunami run-up prediction using the local water depths and the spacing widths
induced by wave behavior can be examined in Figure 1.

3. Results and Discussion

We here provide two cases of large tsunamis that occurred in the Japanese east coast and another
large tsunami event that severely hit the north-west coast of Sumatra island, from which the data
available in this study were drawn and used to test the run-up estimate given by Eqg. (2). The
calculated results are hereby compared to field data from observational studies available at
http://www.ngdc.noaa.gov and direct surveys (Mori et al., 2011; Goto et al., 2013), and also to
relevant data developed from numerical codes (Hirata et al., 2004; Lin et al., 2014). Detailed data
and the calculated run-ups Res: Using Eq. (2) in this study as well as the relevant corresponding
observed values R, are listed in Table 1 below.

Table 1. Alist of tsunami run-up heights derived from theoretical prediction Reg using the Green’s law given
by Eq. (2) and the corresponding measured values R, of the run-ups obtained from field observations of
large tsunami events.

n d Latitude Longitude L The‘Green‘s

(m) (m) et Rops lawinEq.(2)

Tohoku 53.0 39.00N 141.47E 320 830 39.01N 141.459 5.09 24.00 not applicable
498 39.15N 141.56 E 410 540 39.16N 141.53E 7.14 9.00 confirmed

27.7 4033 N 141.34E 270 9.90 40.32N 141.33E 3.49 9.00 not applicable
125 40.12N  14207E 404 075 40.12N 141.89 1470 1851 confirmed
200 39.63N 142,19 6.15 0.63 39.63N 142.06E  26.82 23.65 confirmed

204 39.26 N 142,10E 635 060 39.26N 14195E 27.31 892 notapplicable

160 3886MN 14189E 558 0.07 3886N 141.72E 37.26 12.57 not applicable

144 38.23N  14168E 577 0.27 38.23N 141.14E  26.18 2.16 notapplicable

137 36.97N  14118E 260 141 36.97N 141.00E 7.85 5.00 notapplicable

Tokachi 50.1 42.54N 144.23E 098 3.80 42.58N 144.22 £ 1.87 1.20 not applicable
53.0 39.00N 14147 E 022 7.20 39.01N 141.45E 0.36 0.28 confirmed

27.7 4033N 141.34E 0.63 3.20 40.32N 141.33 E 1.08 0.67 not applicable

Aceh 50 6.8N 82.00 E 3.00 0.32 6.8N 81.80E 10.61 697 notapplicable

50 74N 8193 E 333 0.32 74N 8183 E 11.77 531 not applicable

50 7.2N 8190 E 370 0.32 7.2N 81.85E 13.08 497 notapplicable

Tsunami D

Svent (m) Latitude Longitude

It can be clearly seen from Table 1 that some values of calculated run-ups Reg; using Eq. (2) fall
smaller than the corresponding observed values R, and others are greater than R,,; values. The
former is classified into "underestimate case’ where Ry < Ryps Whereas the latter is grouped into
‘overestimate case’ where Rogy > Rgps.- It is obvious from Table 1 that only 4 observational points (3
points from the Tohoku and another point from the Tokachi) among a total of 15 points of
observations listed confirmed the basic Green’s law written in Eqg. (2), where R, is equal to or
greater than 70% of R, for the case of underestimate prediction and R, is equal to or greater
than 70% of R, for the case of overestimate prediction, similar to concluding remarks in terms of
the difference between computed and measured values of the run-up height (Hayashi, 2010).
However, 11 of 15 observational points (of about 73%), indicate failures of the basic Green’s law in
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predicting the maximum run-up height (written as ‘not applicable’ in the listed data of Table 1). This
fact tells us that refraction among all wave phenomena occurring at and nearby a shoreline is the
main candidate responsible for inaccuracy in the run-up prediction.

Regarding unsatisfactory results, i.e. the Green’s shoaling law of tsunami run-up height prediction
by Eg. (2) fails to calculate run-up height accurately, we need to recalculate all run-up values by
incorporating refraction effect into the basic form of the Green’s law in Eq. (2) and see if the new
calculated results Ry, are better values in that they are closer to the observed run-up heights. This
argument is relatively easy to understand in the sense that the effect of refraction is the cause for
convergence in a cape where tsunami energy is focused and divergence on a bay where the energy
is distributed over a larger area. Using Eq. (3) as the modified Green’s law where two factors:
shoaling and refraction are both considered, we again provide run-up height estimates. As both the
convergence and divergence mechanisms require spacing widths of two wave rays that are normal
to the corresponding wave fronts, Eq. (3) requires B and b be written in separate values that are

difficult to obtain in field measurements in the open ocean. Therefore, we write here%as the aspect

ratio of wave ray spatial-separation due to refraction induced by the nature of wave behavior and
rewrite Eq. (3) as Eq. (4) where all the new results are now listed in Table 2. However, we do not
have reliable data for some observational points, leaving them uncorrected, as seen in the Tohoku
lines 4 and 5.

Table 2. Run-up heights predicted by the basic Green's law Rgg in Eq. (2) and the modified Green's law Reg;
in Eq. (4) and the corresponding measured values R,y of the run-ups obtained from field observations of
large tsunami events.

Tsunami D d n R (m) The Green’s law The modified Green’s
event (m) (m) Ks K (m) m inEq. (2) law in Eq. (4)
Tohoku 53.0 8.30 1.59 4.01 3.20 20.4 24.00 not applicable confirmed
49.8 5.40 1.74 1.07 4.10 7.65 9.00 confirmed confirmed
27.7  9.90 1.29 2.19 2.70 7.65 9.00 not applicable confirmed
125 0.75 359 - 4.04 - 18.51 confirmed failure
200 0.63 422 - 6.15 - 23.65 confirmed failure
204 060 429 037 6.35 10.14 892 not applicable confirmed
160 0.07 6.84 - 5.58 - 12,57 not applicable failure
144 027 480 - 5.77 - 2.16 not applicable failure
137 1.41 3.14 0.60 2.60 4,73 5.00 not applicable confirmed
Tokachi  50.1 3.80 1.91 0.76 0.98 1.41 1.20 not applicable confirmed
53.0 7.20 165 0.88 0.22 0.32 0.28 confirmed confirmed
27.7 3.20 1.72 073 0.63 0.79 0.67 not applicable confirmed
Aceh 50 0.32 3.54 - 3.00 . 6.97 not applicable failure
50 0.32 3.54 0.40 3.70 5.20 4.97 not applicable confirmed
50 0.32 3.54 0.50 3.33 5.88 5.31 not applicable confirmed

In the process of examining the modified Green’s law by both Egs. (3) and (4), we also found K- to
be difficult to determine. Hence, we say failure’ in the last column of Table 2 for points with no
values of K,. (note that the failures may relate to confirmed estimates on the basis of shoaling only
or to points where the shoaling prediction is not applicable). The new results clearly confirm 10 of
15 observational points, which is about 67%, with all confirmed datasets having values of R, closer
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to the existing run-ups R,p,s. In other words, this shows an increase in the number of observational
points, from 4 to 10 points with a reasonable accuracy, in which case the modified Green’s law is
applicable for run-up height prediction (points confirmed are those having Resy = 0.85 Rgps for
underestimate cases and R.q; < 0.85 R}, for overestimate cases). Therefore, as suggested by
previous work (WMO, 1998; Fuchs, 2013), the inclusion of refraction is compulsory in tsunami run-
up prediction as it seems to resolve the problem.

We also notice in the last column of Table 2 that some points of observations are failures. We here
provide further clarification using the fact that complicated processes involved during tsunami
wave propagation from a source location at an open sea to places offshore and onshore. While in
this study the two combined effects of shoaling and refraction are considered, there are
phenomena associated with wave behavior that play a role in run-ups are not yet incorporated,
including effects of reflection and dispersion, and energy dissipation. Other external parameters,
such as the geometry of the coast, coastal topography, and nearshore bathymetry may influence
run-up parameterization, as claimed by some previous work on run-up and inundation estimation
(Hayashi, 2010; Mori et al., 2011; Chen et al., 2012; Goto et al., 2013; Lin et al., 2014). For now, this
study does not consider these effects as it concerns only on a simple parameterization for tsunami
run-up prediction and therefore the incorporation of more local effects into the run-up estimate is
challenging for future work.

4, Conclusions and Remarks

The basic Green'’s shoaling law with only parameters of local water depths for prediction of an
inland tsunami run-up height seems to oversimplifying factors originating from dynamics of
shoreward tsunami wave propagation that may influence on the maximum run-up. The Green's
shoaling prediction, however, can be used to the first order to estimate the run-up with caution in
the sense that non-linearity of the governing equations describing the dynamics of a tsunami as it
approaches on a beach and complexities, such as local bathymetry and coastal topography are not
yet included in the prediction. Refraction effect, the one among these factors, is found to be the
cause for the deviation of run-up measurements from the basic Green’s law. In the context of
hazard mitigation study developed in Indonesia, the results reported from the present work aims
to increasing awareness, to a maximum point for minimizing disaster risks, of the vulnerability of
living communities and local infrastructures at and nearby the shorelines. The final goal in terms of
downstream research is to do disaster prevention by educating people living in coastal areas that
are vulnerable to geophysical hazards to be well aware of what a possible disaster to come and how
to respond to the disaster. Therefore, the best efforts made for tsunami run-up height prediction
should not underestimate the possible factors and that the use of the best expertise to counteract
these natural forces is on demand for future work.
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